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Abstract 

A new notion to risk measures preserving the coherence axioms, that we call Copula 
Conditional Tail Expectation (CCTE), is given. This risk measure describes the expected 
amount of risk that can be experienced given that a potential bivariate risk exceeds a 
bivariate threshold value, and provides an important measure for right-tail risk. Our goal 
is to propose an alternative risk measure which takes into account the fluctuations of 
losses and possible correlations between random variables. Finally, our risk measure is 
applied to real financial data. 
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1. Introduction 

Measuring risks is a very important research area. The axiomatic approach chosen in 
Artzner et al. (1999) allows to see, the differences between the banking and insurance 
industries. Several risk measures have been proposed in actuarial science literature, 
namely: the Value-at-Risk (VaR), the expected shortfall or the conditional tail expec- 
tation (CTE), the distorted risk measures (DRM), and recently the copula distorted risk 
measure (CDRM) as an alternative risk measure which takes into account the fluctuations 
of losses and dependence between random variables (rv). See Brahimi et al. (2010). 

VaR is probably the most widely used risk measure in financial institutions. In its most 
literal sense, VaR refers to the maximum amount we are likely to lose over some period, 
at a specific confidence level, in market risk management this period or the time horizon 
is usually 1 or 10 days, in credit risk management and operational risk management 
is usually one year. In probabilistic terms, VaR is thus simply a quantile of the loss 
distribution. Typical values of the level can be a high percentage such as 95% or 99% for 
an enterprise, to ensure that it doesn't become technically insolvent. Numerous authors 
have studied this risk measure, (e.g. Morgan; 1994; 1997, Wang; 1996; 1998, Phelan; 1997, 
Crouhy et a/.; 2000; 2001, Cumperayot et al; 2001). Specific desirable properties of risk 
measures were proposed as axioms in connection with risk pricing by Wang (1997) and 
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more generally in risk measure by Artzner et al. (1997, 1999), who introduced the concept 
of coherent risk measures and the axiomatic that captures the characteristics required for 
risk measurement in a finite probability space and further extended by Delbaen (2000) to 
the general probability space framework. 

The CTE in risk analysis represents the conditional expected loss given that the loss 
exceeds its VaR and provides an important measure for right-tail risk. In this paper we 
will always consider random variables with finite mean. For a real number s in (0, 1) , the 
CTE of a risk X is given by 



where VaRx {s) := inf {x : F (x) > s} is the quantile of order s pertaining to distribution 
function (df) F. 

One of the strategy of an Insurance companies is to set aside amounts of capital from 
which it can draw from in the event that premium revenues become insufficient to pay 
out claims. Of course, determining these amounts is not a simple calculation. It has to 
determine the best risk measure that can be used to determine the amount of loss to cover 
with a high degree of confidence. 

Suppose now that we deal with a couple of random losses (Xi, X2). It's clear that the CTE 
of Xi is unrelated with X2. If we had to control the overflow of the two risks Xi and X2 
at the same time, CTE does not answer the problem, then we need another formulation 
of CTE which takes into account the excess of the two risks Xi and X2. Then we deal 
with the amount 



If the couple of random losses (Xi,X2) are independents rv's then the amount (1.2) 
defined only the CTE of Xi. Therefore the case of independence is not important. 

In the recent years dependence is beginning to play an important role in the world of 
risk. The increasing complexity of insurance and financial activities products has led 
to increased actuarial and financial interest in the modeling of dependent risks. While 
independence can be defined in only one way, but dependence can be formulated in an 
infinite ways. Therefore, the assumption of independence it makes the treatment easy. 
Nevertheless, in applications dependence is the rule and independence is the exception. 

The copulas is a function that completely describes the dependence structure, it con- 
tains all the information to link the marginal distributions to their joint distribution. 
To obtain a valid multivariate distribution function, we combines several marginal distri- 
bution functions, or a different distributional families, with any copula function. Using 
Sklar's theorem (Sklar, 1959), we can construct a bivariate distributions with arbitrary 
marginal distributions. Thus, for the purposes of statistical modeling, it is desirable to 




(1.1) 



E [Xil Xi > VaRx, (s) , X2 > VaRx^ if)] . 



(1.2) 



3 



have a large collection of copulas at one's disposal. A great many examples of copulas 
can be found in the literature, most are members of families with one or more real pa- 
rameters. For a formal treatment of copulas and their properties, see the monographs by 
Hutchinson and Lai (1990), Dall'Aglio et al. (1991), Joe (1997), the conference proceed- 
ings edited by Benes and Stepan (1997), Cuadras et al. (2002), Dhaene et al. (2000) and 
the textbook of Nelsen (2006). 

Recently in finance, insurance and risk management has emphasized the importance of 

positive or negative quadrant dependence notions (PQD or NQD) introduced by Lehmann 

(1966), in different areas of applied probability and statistics, as an example, see; Dhaene and Goovaerts 

(1997), Denuit et al. (2001). Two rv's are said to be PQD when the probability that 

they are simultaneously large (or small) is at least as great as it would be were they 

are independent. In terms of copula, if their copula is greater than their product, i.e., 

C{ui,U2) > U1U2 or, simply C > C*-*-, where C*-*- denotes the product copula. For the sake 

of brevity, we will restrict ourselves to concepts of positive dependence. 

The main idea of this paper is to use the information of dependence between PQD or 
NQD risks to quantifying insurance losses and measuring financial risk assessments, we 
propose a risk measure defined by: 

CCTExi {s; t) := E [Xi| Xi > VaRx, (s) , X2 > VaRx, (t)] . 

We will call this new risk measure by the Copula Conditional Tail Expectation (CCTE), 
like a risk measure which measure the conditional expectation given the two dependents 
losses exceeds VaRx^ (s) and VaRx2 (t) for < s, t < 1 and usually with s,t > 0.9. Again, 
CCTE satisfies all the desirable properties of a coherent risk measure (Artzner et al., 
1999). The notion of copula in risk measure filed has recently been considered by sev- 
eral authors, see for instance Embrechts et al. (2003b), Di Clemente and Romano (2004), 
Dalla Valle (2009), Brahimi et al. (2010) and the references therein. 

This risk measures can give a good quantifying of losses when we have a combined de- 
pendents risks, this dependence can influence in the losses of interested risks. Therefore, 
quantify the riskiness of our position is useful to decide if it acceptable or not. For this 
reason we use the all informations a bout this interest risk and the dependence of our risk 
with other risks is one of important information that we must take it in consideration. 

This paper is organized as follows. In Section 2, we give an explicit formulations of 
the new notion copula conditional tail expectation risk measure in bivariate case. The 
relationship of this new concept and tail dependence measure, given in Section 3. In 
Section 4 we presents an illustration examples to explain how to use the new CCTE 
measure. Application in real financial data is given in Section 5. Concluding notes are 
given in Section 6. Proofs are relegated to the Appendix. 
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2. Copula conditional tail expectation 



A risk measure quantifies the risk exposure in a way that is meaningful for the problem at 
hand. The most commonly used risk measure in finance and insurance are: VaR and CTE 
(also known as Tail- VaR or expected shortfall). The risk measure is simply the loss size 
for which there is a small (e.g. 1%) probability of exceeding. For some time, it has been 
recognized that this measure suffers from serious deficiencies if losses are not normally 
distributed. 

According to Artzner et al. (1999) and Wirch and Hardy (1999), the conditional tail ex- 
pectation of a random variable Xi at its VaRx^ (s) is defined by: 



where Fi is the df of Xi. 

Since Xi is continuous, then FiiVaRx^ (s)) = s, it follows that for all < s < 1 



The CTE can be larger that the VaR measure for the same value of level s described above 
since it can be thought of as the sum of the quantile VaRx^ {s) and the expected excess 
loss. Tail- VaR is a coherent measure in the sense of Artzner et al. (1999). For the appli- 
cation of this kind of coherent risk measures we refer to the papers Artzner et al. (1999) 
and Wirch and Hardy (1999). Application of the CTE in a multivariate context to ellip- 
tical distributions was considered by Landsman and Valdez (2003) and Hardy and Wirch 

(2004) , under the notion of the iterated CTE. In univariate context Manistre and Hancock 

(2005) present an empirical estimator of the CTE as well as an estimator of its variance, 
Brazauskas et al. (2008) construct an estimators for the CTE functions with the confi- 
dence intervals and bands for the functions in both of parametric and non-parametric 
approaches and Necir et al. (2010) propose a new CTE estimator, which is applicable 
when losses have finite means and infinite variances. 

Thus the CTE is nothing, see Overbeck and Sokolova (2008), but the mathematical tran- 
scription of the concept of "average loss in the worst 100(1 — s)% case", defining by 
V = VaRxi {s) a critical loss threshold corresponding to some confidence level s, CTE^i (s) 
provides a cushion against the mean value of losses exceeding the critical threshold v. 

Now, assume that Xi and X2 are dependent with joint df H and continuous margins Fj, 
i = 1,2, respectively. Through this paper we calls Xi the target risk and X2 the associated 
risk. In this case, the problem becomes different and its resolution requires more than 
the usual background. Several authors discussed the risks measures, when applied to 
univariate and independent rv's. 





(2.3) 
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Our contribution is to introduce the copula notion to provide more flexibility to the GTE 
of risk of rv's in terms of loss and dependence structure. For comprehensive details on 
copulas one may consult the textbook of Nelsen (2006). 

According to Sklar's Theorem (Sklar, 1959), there exists a unique copula C : [0, 1]'* [0, 1] 
such that 

//(xi,a;2) = C(Fi(xi),F2(a;2)). (2.4) 

The GTE only focuses on the average of loss. Therefore one must take into account 
the dependence structure and the behavior of margin tails. These two aspects have an 
important influence when quantifying risks. If the correlation factor is neglected, the 
calculation of the GTE follows formula (2.3), which only focuses on the target risk. 

Now by taking into account the dependence structure between the target and the asso- 
ciated risks, we define a new notion of GTE called Copula Conditional Tail Expectation 
(GGTE) given in (1.2), this notion led to give a risk measurement focused in the target 
risk and the link between target and associated risk. 

Let's denote the survival functions by Fi{xi) = P(Xj > Xi), i = 1, 2, and the joint survival 
function by H{xi,X2) = IP(^i > 3^1,-^2 > X2). The function C which couples H to Fi, 
i = 1,2 via H{xi,X2) = C(Fi(a;i), ^2(^2)) is called the survival copula of (Xi,X2). 
Furthermore, C is a copula, and 

C{ui, U2) = U1+U2 - 1 + C{1 - ui,l - U2), (2.5) 

where C is the (ordinary) copula of Xi and X2. For more details on the survival copula 
function see. Section 2.6 in Nelsen (2006). 

If we suppose that C is absolutely continuous with density c, we can rewrite for all s and 
t in (0, 1) 

C{1- s,l-t) = I Jt (ui) dui 

where ^ 

Jt{ui) := c{ui,U2) du2. (2.6) 

The GGTE of the target risk Xi with respect to the associated risk X2 is given in the 
following proposition. 



Proposition 2.1. Let (Xi,X2) a bivariate rv with joint df represented by the copula C. 
Assume that Xi have a finite mean and df Fi. Then for all s and t in (0, 1) the copula 
conditional tail expected of Xi with respect to the bivariate thresholds (s,t) is given by 

Jt (ui) Fr^ (ui) dui 
CCTEx, (s; t) = ■'^ y ' \ \ (2.7) 

Jt[ui)dui 

where Jt (■) is given in (2.6) and F{^ is the quantile function of Fi. 
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By this Proposition, we got a new risk measure that consists using the hnk between a 
couple of risks in the calculation of risk measurement. This notion does not depend on the 
df of the associated risk, but it depend only by the copula function and the df of target 
risk. 

Next, in Section 4, we will proved that the risk when we consider the correlation between 
PQD risks is greater than in the case of a single one. That means, for all s < t and s, t 
in (0, 1) then 

CCTExi (s; t) > CTEx, (s) . (2.8) 

Notice that in the NQD rv's we have the reverse inequality of (2.8) and the CCTE coincide 
with CTE measures in the non- dependence case, i.e. the copula C = C-^. 

3. CCTE and tail dependence 

This Section gives an overview of a tail dependence measure, which quantifies the degree 
of dependence in the joint tail of a bivariate df, i.e. the dependence between extreme 
events. It describe how large (or small) values of one random variable appear with large 
(or small) values of the other is tail dependence and measures the dependence between 
the variables in the upper-right quadrant and in the lower- left quadrant of [0, 1]^ . 

Tail dependence measures correspond to upper tail dependence 

Xu := lim F[U > u\V > u], 

and lower tail dependence 

Xl := lim F[U < u\V < u]. 

u—^0+ 

Note that, no upper or lower tail dependence for Xu = 0, or Xl = 0. The upper tail 
dependence of the survival copula will give the lower tail dependence of its associated 
copula and vice-versa. 

The tail dependence can be also expressed through copula, showing the fact that the tail 
dependence is a copula property, 

l-2u + Ciu,u) Ciu,u) 
Xu = lim and Xl = iim 



1 — u u->-0+ u 

Now, let's denote by 

~ l-u-v + C{u,v) ~ C{u,v) 

Xu [u, V) := and Xl [u, v) := . 

1 — f V 

The relationships between the CCTE measure given in Proposition 2.1 and the tail de- 
pendence can given by 

J^Jt{u)F,-'{u) du 



CCTExi (s; t) 



(1-t) Xu{l~s,l-t) 
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For s = t we have 



lim / Js (u) du = lim (1 — s) \u (1 — s, 1 



and 



lim / Js (u) du = lim ( 1 — 2s + sXr (s,s)] =1. 
So, for s — > 1^ and t — 1" we have CCTE^i (s; t) — )■ oo. 

4. Illustration examples 

4.1. CCTE via Farlie-Gumbel-Morgenstern Copulas. One of the most important 
parametric family of copulas is the Farlie-Gumbel-Morgenstern (FGM) family defined as 

C^^^^{u,v) =uv + 9uv{l-u){l-v), u,ve[0,l], (4.9) 

where 6 G [—1, 1]. The family was discussed by Morgenstern (1956), Gumbel (1958) and 
Farlie (1960). 

The copula given in (4.9) is PQD for 9 G (0, 1] and NQD for 6 G [—1, 0). In practical appli- 
cations this copula has been shown to be somewhat limited, for copula dependence param- 
eter 9 G [—1, 1] , Spearman's correlation p G [—1/3, 1/3] and Kendall's r G [—2/9,2/9] , 
for more details on copulas see, for example, Nelsen (2006). 

Members of the FGM family are symmetric, i.e., Cq^^'\u^v) = Cg'^^' {v,u) for all {u,v) 
in [0, 1]^ and have the lower and upper tail dependence coefficients equal to 0. 

A pair {X, Y) of rv's is said to be exchangeable if the vectors (X, Y) and {Y, X) are identi- 
cally distributed. Note that, in applications, exchangeability may not always be a realistic 
assumption. For identically distributed continuous random variables, exchangeability is 
equivalent to the symmetry of the FGM copula. 

The density function of FGM copulas is given by 
for any m, f G [0, 1]. 

For practical purposes we consider a copula families with only positive dependence. Fur- 
thermore, risk models are often designed to model positive dependence, since in some 
sense it is the "dangerous" dependence: assets (or risks) move in the same direction in 
periods of extreme events, see Embrechts et al. (2003a). 

Consider the bivariate loss PQD rv's (Xj, F), i = 1, 2, 3, having continuous marginal df 's 
Fxi{x) and Fyiy) and joint df Hxi,Y{x,y) represented by FGM copula of parameters ^j, 
respectively for i = 1, 2, 3 

Hx^y{x,y)=Cl'''\Fx^ ix),Fyiy)). 
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The marginal survival functions Fx^ix), i = 1,2,3 and Fyiy) are given by 

Fx, {x) = < and FY{y) = < (4.10) 

[1, X <0, [ 1, y <0. 

where a > called the Pareto index, the case a G (1,2) means that Xi have a heavy-tailed 
distributions. So that Xi and Y have identical Pareto df 's. 

For each couple {Xi, Y) , i = 1,2, 3, we propose 9i = 0.01, 02 = 0.5 and 63 = 1, respectively. 
The choice of parameters 6i, i = 1,2,3 correspond respectively to the weak, medium and 
the high dependence. 

In this example, the target risks are Xi and the associated risk is Y. The CTE's and the 
VaR's of Xi are the same and are given respectively by 

CTEx, (s) = ""^^-'l (4.11) 
a — 1 

and 

VaRxAs) = {l-sr'/'', (4.12) 

for i = l,2, 3. 
We have that 

C{1- s,l-t) = 1 -s-t + st + e,st{l - s){l-t). (4.13) 

Now, we calculate 

^ Jt (u) F^l {u)du = (1 - uY^'"" {6i - 2uei - 2vdi + AuvOi + 1) dudv 

-26iV + l)dv {l-uY^'^'du 
2ei I {2v-l)dv [ u{l-uy^^"du, 



then 



J, (u) F^^ in) du = «(l-^)(2« + ^^^-2^^^^ + 2^tog.-l) _ . (4.^4) 

' ^ ' 2a2 - 3a + 1 ^ ' ^ ' 

Finely, by substitution (4.13) and (4.14) in (2.7) we get 

™^ <-'^ - "'":'-3ri;t::ir' - ■ <"^' 

We have in Table 4.1 and Figures 4.1 the comparison of the riskiness of Xi, X2 and X3. 
Recall that, the CTE's risk measure of Xi at level s are the same in all cases. Note that 
CCTE coincide with CTE in the independence case (^1 = 0). The CCTE of the loss X3 is 
riskier than X2 and Xi but not very significant, in the 6th column of Table 4.1, the relative 
difference between 64.7946 and 64.633 is only about 0.025%. This is due to that FGM 



9 



copula does not take into account the dependence in upper and lower tail (Al = A(; = 0). 
In this case we can not clearly confirm which is the risk the more dangerous. 



s 


0.9000 0.9225 0.9450 0.9675 0.9900 


VaRx, (s) 
CTEx^ (s) 


4.6415 5.5013 6.9144 9.8192 21.5443 
13.9247 16.5039 20.7433 29.4577 64.6330 


t 


CCTExi(s,t), ^ = 0.01 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


13.9309 13.9311 13.9312 13.9314 13.9316 
16.5096 16.5097 16.5099 16.5100 16.5101 
20.7484 20.7485 20.7487 20.7488 20.7489 
29.4619 29.4620 29.4621 29.4623 29.4624 
64.6359 64.6359 64.6360 64.6361 64.6362 


t 


CCTEx2 {s,t), 9 = 0.5 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


14.1477 14.1517 14.1555 14.1594 14.1631 
16.7072 16.7108 16.7143 16.7178 16.7212 
20.9234 20.9266 20.9297 20.9327 20.9357 
29.6077 29.6103 29.6129 29.6154 29.6179 
64.7336 64.7353 64.7370 64.7387 64.7404 


t 


CCTEx3 is,t), 9 = 1 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


14.2709 14.2756 14.2803 14.2848 14.2892 
16.8183 16.8226 16.8267 16.8308 16.8348 
21.0208 21.0245 21.0281 21.0316 21.0351 
29.6880 29.6910 29.6940 29.6969 29.6997 
64.7868 64.7888 64.7908 64.7927 64.7946 



Table 4.1. Risk measures of dependent pareto (1.5) rv's with FGM copula. 



4.2. CCTE via Archimedean Copulas. A bivariate copula is said to be Archimedean 
(see, Genest and MacKay, 1986) if it can be expressed by 

where ip, called the generator of C, is a continuous strictly decreasing convex function 
from [0, 1] to [0, oo] such that tpi'^) = with 'ip^~'^'^ denotes the pseudo-inverse of tp, that 
is 

' V^-i(t), for tG [0,^(0)], 
0, for t>^/j (0) . 



^[-^1 (t) 
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o 



0.90 



0.92 



0.94 



0.96 



0.98 



Excess level 



Figure 4.1. CCTE, CTE and VaR risks measures of PQD pareto (1.5) 
rv's with FGM copula and 0.9 < s = t < 0.99 

When tp{0) = oo, the generator -ip and C are said to be strict and therefore tp^'^^ = ip~^. 
All notions of positive dependence that appeared in the literature, including the weakest 
one of PQD as defined by Lehmann (1966), require the generator to be strict. 

Archimedean copulas are widely used in applications due to their simple form, a vari- 
ety of dependence structures and other "nice" properties. For example, in the Actuarial 
field: the idea arose indirectly in Clayton (1978) and was developed in Oakes (1982), 
Cook and Johnson (1981). A survey of Actuarial applications is in Frees and Valdez 



For an Archimedean copula, the Kendall's tau can be evaluated directly from the generator 
of the copula, as shown in Genest and MacKay (1986) 



where ip' (u) exists a.e., since the generator is convex. This is another "nice" feature of 
Archimedean copulas. As for tail dependency, as shown in Joe (1997) the coefficient of 
upper tail dependency is 



(1998). 




(4.16) 
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and the coefficient of lower tail dependency is 

Xl = 2 lim 

s-^+oo 1p' [2U) 

A collection of twenty-two one-parameter families of Archimedean copulas can be found 
in Table 4.1 of Nelsen (2006). 

Notice that in the case of Archimedean copula the copula conditional tail expectation has 
not an explicit formula, so we give by the following Corollary the expression of Jt{-) in 
terms of generator. 

Corollary 4.1. Let C he an Archimedean copula absolutely continuous with generator ip, 
then for all s and t in (0, 1) 

Thus the CCTE of the target risk in terms of Archimedean copula generator with respect 
to the bivariate thresholds {s,t), < s,t < 1, is given by 

CCTE^ t) = ^ ({1 - s) CTEx (s) - f "^^f/'' ["^^ u 

C {1- s,l-t) \ Js ip'{C{u,t)) 

Note that in practice we can easily fit copula-based models with the maximum likelihood 
method or with estimate the dependence parameter by the relationship between Kendall's 
tau of the data and the generator of the Archimedean copula given in (4.16) under the 
specified copula model. 

In the following Section we give same examples to explain how to calculate and compare 
the CCTE with other risk measure such VaR and CTE. 

4.2.1. CCTE via Clayton Copula. In the following example, we consider the bivari- 
ate Clayton copula which is a member of the class of Archimedean copula, with the 
dependence parameter 6 in [—1, oo)\ {0}. 

The Clayton family was first proposed by Clayton (1978) and studied by Oakes (1982, 
1986), Cox and Oakes (1984), Cook and Johnson (1981, 1986). The Clayton copula has 
been used to study correlated risks, it has the form 

(m, v) := [max (m"^ + v'' - 1, O)] . (4.18) 

For > the copulas are strict and the copula expression simplifies to 

C^^u,v)={u-' + v-'-l)-'^\ (4.19) 

Asymmetric tail dependence is prevalent if the probability of joint extreme (left) negative 
realizations differs from that of joint extreme (right) positive realizations, it can be seen 
that the Clayton copula assigns a higher probability to joint extreme negative events 
than to joint extreme positive events. The Clayton copula is said to display lower tail 
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dependence = 2^^/^, while it displays zero upper tail dependence Xu = 0, for > 0. 
The converse can be said about the Gumbel copula (displaying upper but zero lower 
tail dependence). The margins become independent as 6 approaches to zero, while for 
6^1, the Clayton copula arrives at the comonotonicity copula. For 6 = —1 we obtain 
the Frechet-Hoeffding lower bound and the copula attains the Frechet upper bound as 9 
approaches to infinity. 

We take the same example as in the Subsection 4.1, we may now represents the joint df's 
Hi, i = 1,2,3, respectively by the Clayton copulas Cg_ given in (4.19). 

The relationship between Kendall's tau r and the Clayton copula is given by 

T = e/{e + 2), (4.20) 

we select a different dependents parameters corresponding to several levels of positive 
dependency summarized in Table 4.2 for a weak, a moderate and a strong positive asso- 
ciation, to calculate and compare the CCTE's of Xj, i = 1,2, 3. 





Oi 


r 


0.250 


0.5 


0.200 


0.707 


2 


0.500 


0.943 


12 


0.857 



Table 4.2. Upper tail, Kendall's tau and Clayton copula parameters used 
in calculate of risk measures. 



The CTE's and VaR's of Xi is the same and it's given respectively by (4.11) and (4.12), 
for i = 1,2,3. The CCTE of the rv's Xi with respect to the bivariate thresholds {s,t) is 
given by 

^^^^ , ^ 1 /a(l-.)-^/'^+^ 

C^(l-s,l-t)V L (l-«)^/"n^>+i 

(4.21) 

Table 4.3 and Figure 4.2 shows that the loss X3 is clearly considerably riskier than X2 and 
Xx, in the 6th column of Table 4.3, the relative difference between 66.3802 and 64.6330 
is about 2.63%. 



Clayton copula is the best suited for applications in which two outcomes are likely to 
experience low values together, since the dependence is strong in the lower tail and weak 
in the upper tail. 
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s 


0.9000 0.9225 0.9450 0.9675 0.9900 


VaRx, is) 
CTEx, (s) 


4.6415 5.5013 6.9144 9.8192 21.5443 
13.9247 16.5039 20.7433 29.4577 64.6330 


t 


CCTEv is 6^ = 5 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


14.08878 14.09289 14.09698 14.10106 14.10511 
16.65295 16.65669 16.66042 16.66414 16.66784 
20.87491 20.87822 20.88153 20.88481 20.88809 
29.56693 29.56970 29.57245 29.57519 29.57792 
64.70602 64.70787 64.70971 64.71155 64.71338 


t 


CCTEv is t) 6 = 2 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


14.50067 14.53613 14.57262 14.61015 14.64869 
17.02383 17.05621 17.08958 17.12392 17.15923 
21.19924 21.22796 21.25757 21.28809 21.31950 
29.83378 29.85773 29.88246 29.90797 29.93425 
64.88266 64.89873 64.91534 64.93249 64.95018 


t 


CCTEx3(s,t), 9 = 12 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


15.60515 16.11802 16.74369 17.49482 18.38373 
17.91345 18.36679 18.93015 19.61877 20.44761 
21.88836 22.27414 22.76276 23.37198 24.11996 
30.33131 30.63775 31.03328 31.53690 32.16945 
65.16901 65.36356 65.61920 65.95181 66.38024 



Table 4.3. Risk measures of dependent pareto (1.5) rv's with Clayton copula. 



4.2.2. CCTE via Gumbel Copula. The Gumbel family has been introduced by Gumbel 
(1960). Since it has been discussed in Hougaard (1986), it is also known as the Gumbel- 
Hougaard family. The Gumbel copula is an asymmetric Archimedean copula. This copula 
is given by 

(u, n) = exp |— (— Inn)^ + (— lnt>)'^ 
its generator is 

ilje (t) = (-ln^)^ 

The dependence parameter is restricted to the interval [1, oo). It follows that the Gumbel 
family can represent independence and "positive" dependence only, since the lower and 
upper bound for its parameter correspond to the product copula and the upper Frechet 
bound. The Gumbel copula families is often used for modeling heavy dependencies in right 
tail. It exhibits strong right (upper) tail dependence Xu = 2 — 2}!^ and relatively weak left 
(lower) tail dependence = 0. If outcomes are known to be strongly correlated at high 
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Figure 4.2. CCTE, CTE and VaR risks measures of PQD pareto (1.5) 
rv's with Clayton copula and 0.9 < s = t < 0.99. 

values but less correlated at low values, then the Gumbel copula will be an appropriate 
choice. 

Returning to our example given in Subsection 4.1, by modeling the dependence stricture of 
two rv's with a survival Gumbel copula, there is a high probability that the two variables 
are increasing at the same time. 

Remark 4.1. The survival Gumbel copula can measure the lower tail dependence instead 
of the upper tail dependence as compared to Gumbel copula. This is appropriate for an- 
alyzing tail dependence structure since it explores all possibilities of copula functions in 
measuring dependencies. In this case Xu = ^l, where Xl is the upper tail dependence of 
survival Gumbel copula. The survival copula also has the same property and dependence 
range as their original copula functions. 



We give the CCTE of rv's Xj, i = 1, 2, 3 in terms of Gumbel copula by 
CCTEx, (s; t) 



1 I ail-s)'-'/" 



(1 - s, 1 - t) I a - 1 
-fu-' (1 - u)-'/- (- In uf-' (u, t) (- In (c^ {u, t)) ) '''' du^ 



(4.22) 
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By the relationship between Kendall's tau r and the Gumbel copula parameter 9 given 
by: 

T={9-l)/9, 

we select the values of 9i corresponding respectively to a weak, a moderate and a strong 
positive association witch summarized in Table 4.4. 



Xu 


9i 


r 


0.013 


1.01 


0.009 


0.585 


2 


0.500 


0.928 


10 


0.900 



Table 4.4. Upper tail, Kendall's tau and Gumbel copula parameters used 
in calculate of risk measures. 



s 


0.9000 0.9225 0.9450 0.9675 0.9900 


VaRx, (s) 
CTEx, (s) 


4.6415 5.5013 6.9144 9.8192 21.5443 
13.9247 16.5039 20.7433 29.4577 64.6330 


t 


CCTExi(s,t), ^ = 0.01 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


15.9370 16.4850 17.4102 19.3659 25.0078 
18.8793 19.5288 20.6250 22.9487 33.6905 
23.6990 24.5076 25.8737 28.7606 40.5881 
33.5569 34.6672 36.5349 40.4546 56.2757 
72.9927 75.1339 78.6453 85.7265 112.1868 


t 


CCTEx2(s,t), 9 = 2 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


18.1581 19.7693 22.6911 28.9506 52.9293 
20.2092 21.6536 24.3385 30.6075 53.7426 
23.8421 25.0597 27.3837 33.0707 55.2768 
31.8490 32.7667 34.5437 39.1284 59.2078 
66.0876 66.6063 67.5834 70.0747 86.3853 


t 


CCTEx,is,t), 9 = 10 


0.9000 
0.9225 
0.9450 
0.9675 
0.9900 


13.7652 16.6944 23.3388 39.4830 128.3195 
15.6122 16.6265 21.9025 36.9244 120.0009 
19.3784 19.4465 20.8214 32.8079 106.5448 
29.4577 29.4585 29.4800 31.6923 95.7376 
64.6330 64.6330 64.6330 64.6331 69.6017 



Table 4.5. Risk measures of PQD pareto (1.5) rv's with Gumbel copula. 
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Note that we have melodized the joint df with the survival Gumbel copula instead of 
the Gumbel copula to compare with the Clayton copula (the previous example). So the 
comparison will be the contrast (recall Remark 4.1), that means, the small value gives 
more riskiness. Table 4.5 and Figure 4.3 shows that the loss X3 is clearly considerably 
riskier than X2 and Xi, in the 6th column of Table 4.5, the relative difference between 
112.1868 and 69.6017 is about 61.184%. 




Figure 4.3. CCTE, CTE and VaR risks measures of PQD pareto (1.5) 
rv's with Gumbel copula and 0.9 < s = t < 0.99. 



5. Application 

The relationships between the copula parameter and the Kendall's tau permitted us to 
compute the 9 value assuming a Gumbel, Clayton copula. Once endowed with the pa- 
rameter value, we are able to compute any joint probability between the stock indices. 
For instance we analyzed 500 observations from four European stock indices return series 
calculated by log (X^+i/Xt) for the period 1991 to November 1992 (see. Figure 5.4 ), avail- 
able in "QRM and datasets packages" of R software, it contains the daily closing prices 
of major European stock indices: Germany DAX (Ibis), Switzerland SMI, France CAC 
and UK FTSE. The data are sampled in business time, i.e., weekends and holidays are 
omitted. Table 5.6 summaries the Kendall's tau between the four Market Index returns. 
By assuming that Clayton and Gumbel copula represents our four dependences structure, 
we obtain the fitted dependence parameters of the six bivariates joint df 's, presented in 
Table 5.7. 



0.0 0.4 0.8 
□AX 



0.0 0.4 O.S 
DAX 



0.0 0.4 0.8 
DAX 



CO 




0.0 0.4 0.8 0.0 0.4 0.8 0.0 0.4 0.8 

FTSE FTSE CAC 



Figure 5.4. Scatterplots of 500 pseudo-observations drawn from a four 
European stock indices returns. 



Variable 


DAX 


SMI 


CAC 


FTSE 


DAX 


1.0000 


0.4087 


0.3695 


0.2913 


SMI 


0.4087 


1.0000 


0.3547 


0.4075 


CAC 


0.3695 


0.3547 


1.0000 


0.3670 


FTSE 


0.2913 


0.4075 


0.3670 


1.0000 



Table 5.6. Kendall's tau matrix estimates from four European stock in- 
dices returns. 



Variable 


DAX 


SMI 


CAC 


FTSE 




Variable 


DAX 


SMI 


CAC 


FTSE 


DAX 


oo 


1.681 


1.777 


1.588 




DAX 


oo 


1.363 


1.555 


1.177 


SMI 


1.681 


oo 


1.610 


1.645 




SMI 


1.363 


oo 


1.221 


1.291 


CAC 


1.777 


1.610 


oo 


1.688 




CAC 


1.555 


1.221 


oo 


1.376 


FTSE 


1.588 


1.645 


1.688 


oo 




FTSE 


1.177 


1.291 


1.376 


oo 



Table 5.7. Fitted copula parameter correspoding to Kendall's tau, Gum- 
bel copula(left panel), Clayton copula (right panel). 



18 



The a-stable distribution offers a reasonable improvement to ttie alternative distributions, 
eacli stable distribution Sa{cr; (3; fi) lias tlie stability index a that can be treated as the 
main parameter, when we make an investment decision, skewness parameter /3, in the 
range [—1, 1], scale parameter a and shift parameter /i. In models that use financial data, 
it is generally assumed that a G (1,2]. By using the "fBasics" package in R software, 
based on the maximum likelihood estimators to fit the parameters of a df's of the four 
Market Index returns, the results are summarized in Table 5.8. 

DAX SMI CAC FTSE 

1.6420 1.8480 1.6930 1.8740 

13 0.1470 0.1100 -0.0380 0.9500 

a 0.0046 0.0046 0.0062 0.0054 

fi -0.0002 0.0006 0.0004 -0.0005 



Table 5.8. Maximum likelihood fit of four-parameters stable distribution 
to four European stock indices retuns data. 

The a-stable distribution has Pareto-type tails, it's like a power function, i.e., F is regu- 
larly varying (at infinity) with index {—a) , meaning that F (x) = x~"L (x) as x becomes 
large, where L > is a slowly varying function, which can be interpreted as slower than 
any power function (see, Resnick; 1987 and Seneta; 1976 for a technical treatment of reg- 
ular variation). By using the Equations (4.22) for the Gumbel and (4.21) for the Clayton 
fitting, we calculate for a fixed levels s = t = 0.99 the CCTE's risk measures for the all 
cases, the results are summarized in Table 5.9. 



Variable 


DAX 


SMI 


CAC 


FTSE 




Variable 


DAX 


SMI 


CAC 


FTSE 


DAX 




58.157 


56.899 


59.588 




DAX 




42.378 


42.395 


42.361 


SMI 


34.556 




35.070 


34.806 




SMI 


26.402 




26.395 


26.398 


CAC 


49.341 


51.250 




50.297 




CAC40 


37.209 


37.183 




37.195 


FTSE 


33.312 


32.910 


32.637 






FTSE 


25.084 


25.090 


25.093 





Table 5.9. CCTE's Risk measures for s = 0.99 and t = 0.99 with Gumbel 
copula (left panel) and Clayton copula (right panel). 

In Table 5.9, the highest value in left panel (Gumbel copula) and the smallest value in 
the right panel (Clayton copula) gives the lowest risk. So, the less risky couples (X, Y) 
are: (DAX, FTST), (SIM, CAC), (CAC, SMI) and (FTSE, DAX), where X is the target 
risk and Y is the associated risk. 
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6. Conclusion notes 

One of the most important strategy in investment is to divide the capital of investment 
in more then one market, but the most important question that if this markets are hnked 
and if one of them is collapsed. Do the rest of the market interrelated collapse as well? 

Tables 4.1, 4.3 and 4.5 show that the CCTE's become larger as the dependence grows. 
However, CTE and VaR are neither increasing nor decreasing as the correlation grows. 

Therefore, to reduce the risk, in preference for this markets to be independent, or prefer- 
ably for the investors to choose the independent markets or the less dependent one to 
invests their money. 

In this paper we give a new risk measure called copula conditional tail expectation which 
preserve the property of coherence. This measure aid to understanding the relationships 
among multivariate assets and to help us greatly about how best to position our invest- 
ments and enhance our financial risk protection. 

Acknowledgements. The author is indebted to an anonymous referee for their con- 
structive comments and valuable remarks to improve the presentation and quality of the 
paper. 

7. Appendix 
Proof of proposition 2.1. By calculating we have 

P (Xi < x| Ai > VaRx^ (s) , A2 > VaRx^ (t)) 

_ P (Ai < X, Ai > VaRx, (s) , A2 > VaRx^ (t)) 

P (Ai > VaRx, it) , A2 > VaRx, {s)) 
_ P {VaRx^ {s) < Ai < a;, A2 > VaRx^ (t)) 
~ P (Ai > VaRx, (s) , A2 > VaRx, it)) 

P {VaRx^ (s) < Ai < X, A2 > VaRx^ (t)) 
~ 1 - P (Ai < F,-\s)) - P (A2 < F,-\t)) + P (Ai < F,-\s),X2 < F,-\t)) 

P {VaRx, (s) < Ai < X, A2 > VaRx^ (t)) 
~ l-P(Fi(Ai) <s)-P(F2(A2) <t)+P(Fi(Ai) <s,F2(A2) <t)' 

On the other hand, we have 

P {VaRx, (s) < Ai < X, A2 > VaRx, (t)) = H f ?^£SEl^^}^^2ll!^dxidx2, 

JvaRx^it) JvaRx^{s) OX1OX2 

and 

1 - P (Fi (Ai) < s) - P (F2 (A2) < t) + P (Fi (Ai) < s, F2 (A2) <t) = l- s-t + C{s,t) 

= C(l-s, 1-t). 
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Then 



P (Xi < x| Xi > VaRx, (s) , X2 > VaRx, (t)) 



C (1 - S, 1 - t) JVaRx^{t) JvaRx^is) 8x18x2 

Then the CCTE is given by 



dxidx2, 



mw ( 1 r r 8^C{Fr{x,),F2{x2)) , , 
CCTExi (s,t) = =— / / xi — dx2dxi. 

C (1 - S, 1 - t) JvaRx^ (s) JvaRx, (t) 8x18x2 

We suppose that the densities of Fj, 2 = 1,2 are fi, respectively for i = 1,2, then 

2 /"OO roc 

CCTExi {s, t) = =— — / / xic {Fi (xi) , F2 {X2)) fi (xi) f2 {X2) dx2dxi 

C [I — S,l — t) JvaRx^(s) JvaRx^it) 

Transforming by Fi (xi) = Ui i = 1,2, then 

1 



CCTExi (s, t) = =^ — — — — I I F^^ (ui) c M2) duidu2. 



1 



t J s 

1 

-1 



-^1 ('''^i) / c{ui,U2) du2\ du 



C{l-s,l-t) 
By 2.6 it follow that 

/ X C Jt {ui) F^^ iui) dui 
CCTExi {s,t) = \ ' ^ ^ ' — -. 

Jt{ui)dui 

This close the proof of proposition 2.1. □ 



Proof of Corollary 4-1- Let's denote by 

8C {u,v) 



Cu (u, v) 



8u 

then by (2.6), we have 

Jt {u) = c {u, v) dv = Cu {u, v)]] 
= Cu {u, 1) - Cu {u,t) . 
So, C is Archimedean copula, then 

Finely, we get (4.17) by the property of copula that C {u, 1) = u. □ 
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